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Abstract

Preliminary combinations of measurements of the 4 LEP collaborations of the process
e+e− → ff̄ at LEP II are presented. Cross-sections and forward-backward asymmetry mea-
surements are combined for the full LEP II data set. A first combination of differential
cross-sections dσ

d cos θ for muon-pair and tau-pair final states is presented. Measurements of
the production of heavy flavours are also combined. The combined results are interpreted in
terms of contact interactions, exchange of Z′ bosons, and contours of the S-Matrix parame-
ters jtot

b,c and jfb
b,c that describe γ−Z interference in heavy-flavour production in fermion-pair

production are derived.
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1 Introduction

Since the start of the LEP II program LEP has delivered collisions at energies from ∼ 130 GeV
to ∼ 209 GeV. The 4 LEP experiments have made measurements on the e+e− → f f̄ process over
this range of energies, and a preliminary combination of these data are discussed in this note.

In the years 1995 through 1999 LEP delivered luminosity at a number of distinct centre-of-
mass energy points. In 2000 most of the luminosity was delivered close to 2 distinct energies,
but there was also a significant fraction of the luminosity delivered in, more-or-less, a continuum
of energies. To facilitate the combination of the data, the 4 LEP experiments all divided the
data they collected in 2000 into two energy bins: from 202.5 to 205.5 GeV; and 205.5 GeV and
above. For the combination presented here, only data taken up to the end of June 2000 are
considered. The nominal and actual centre of mass energies to which the LEP data have been
averaged for each year are given in Table 1.

A number of measurements on the process e+e− → f f̄ exist and have been combined. The
preliminary averages of cross-section and forward-backward asymmetry measurements are dis-
cussed in Section 2. The results presented in this section update those presented in [1] and [2].
In Section 3 a preliminary average of the differential cross-sections measurements, dσ

d cos θ , for the
channels e+e− → µ+µ− and e+e− → τ+τ− is discussed. This is the first attempt to combine
these data. In Section 4 an update of the combinations of heavy flavour results Rb, Rc, Ab

FB
and Ac

FB from LEP II is presented. Complete results of the combinations are available on the
web page [3].

In Section 5 the combined results are interpreted in terms of contact interactions, the ex-
change of Z′ bosons, and contours of the S-Matrix parameters jtot

b,c and jfb
b,c, that describe γ − Z

interference, are derived.

The results are summarised in section 6, and future plans for the combination of LEP II ff
data are discussed.

2 Averages for Cross-sections and Asymmetries

In this section the results of the preliminary combination of cross-sections and asymmetries are
given. The individual experiments’ analyses of cross-sections and forward-backward asymmetries
are discussed in [4]. Cross-section results are combined for the e+e− → qq, e+e− → µ+µ− and
e+e− → τ+τ− channels, forward-backward asymmetry measurements are combined for the µ+µ−

and τ+τ− final states. The averages are made for the samples of events with high
√

s′. The
combination followed the procedure described in detail in [2], and is only briefly reviewed here.

At LEP2 energies radiative processes in e+e− → f f̄ are very important, and in particular
interference between initial- and final-state radiation leads to ambiguities in the definition of
the reduced centre-of-mass energy

√
s′. Different experiments have adopted different procedures

in the experimental estimation and theoretical definition of s′. Before averaging the results, it
is necessary to choose a common definition of the ff̄ signal and correct the results of the four
experiments to this common definition. In [2], two different definitions were used:

• Definition 1:
√

s′ is taken to be the mass of the s-channel propagator, with the ff̄ signal
being defined by the cut

√
s′/s > 0.85. ISR-FSR photon interference is subtracted to

render the propagator mass unambiguous.

• Definition 2: For dilepton events,
√

s′ is taken to be the bare invariant mass of the
outgoing difermion pair. For hadronic events, it is taken to be the mass of the s-channel
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Year Nominal Energy Actual Energy Luminosity
GeV GeV pb−1

1995 130 130.2 ∼ 3
136 136.2 ∼ 3
133∗ 133.2 ∼ 6

1996 161 161.3 ∼ 10
172 172.1 ∼ 10
167∗ 166.6 ∼ 20

1997 130 130.2 ∼ 2
136 136.2 ∼ 2
183 182.7 ∼ 50

1998 189 188.6 ∼ 170
1999 192 191.6 ∼ 30

196 195.5 ∼ 80
200 199.5 ∼ 80
202 201.6 ∼ 40

2000 205 204.9 ∼ 60
207 206.7 ∼ 30
206∗ 205.5 ∼ 90

Table 1: The nominal and actual centre-of-mass energies for data collected during LEP II oper-
ation in each year. The approximate average luminosity analysed per experiment at each energy
is also shown. Values marked with a ∗ are average energies for 1995, 1996 and 2000 used for
heavy flavour results. The data taken at nominal energies of 130 and 136 in 1995 and 1997 are
combined by most experiments.
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propagator. In both cases, ISR-FSR photon interference is included and the signal is
defined by the cut

√
s′/s > 0.85. When calculating the contribution to the hadronic cross-

section due to ISR-FSR interference, since the propagator mass is ill-defined, it is replaced
by the bare qq mass.

Before they are averaged, the measurements from each experiment are corrected to the com-
mon choice of signal definition using an additive correction calculated using the semi-analytic
program ZFITTER v6.10 [5]. As a result of this, the shifts in the combined results between
the two definitions are identical to the difference in the Standard Model (SM) values between
the different definitions. In this note we present results according to definition 1, and give the
shifts necessary to obtain definition 2. The theoretical uncertainties associated with the correc-
tions were obtained by comparing ZFITTER, TOPAZ0 v4.4 [6] and the Monte Carlo generator
KK v4.02 [7]. The uncertainties are 0.2% for the hadronic cross-sections, 0.7% for dilepton
cross-sections and 0.003 for the leptonic asymmetries [2]. Results are presented inside the full
4π angular acceptance. Events containing additional fermion pairs from radiative processes are
considered to be signal, providing that the primary pair passes the cut on

√
s′/s and that the

secondary pair has a mass below 70 GeV/c2.

Input data were supplied by the experiments in the format described in [2]. These consist of
measurements of the cross-sections for qq, µ+µ− and τ+τ−, and the asymmetries for the lepton-
pairs, together with the errors broken down into five subcomponents according to whether or
not they are correlated between channels and experiments, as follows:

1) The statistical uncertainty plus uncorrelated systematic uncertainties, combined in quadra-
ture.

2) The systematic uncertainty for the final state X which is fully correlated between energy
points for that experiment.

3) The systematic uncertainty for experiment Y which is fully correlated between different
final states for this energy point.

4) The systematic uncertainty for the final state X which is fully correlated between energy
points and between different experiments.

5) The systematic uncertainty which is fully correlated between energy points and between
different experiments for all final states.

The theoretical predictions, calculated using ZFITTER [5], were also given, in order to cor-
rect experimental measurements to the common signal definition. As discussed in [1], in cases
where fewer than 100 events were observed, the expected statistical errors on the asymmetry
measurements were used.

The averages were performed using a χ2 minimisation technique. The data were split into
3 sets: data taken at energies from 130–189 GeV, data taken during 1999, and data taken in
2000. Averages were performed separately for each of these data sets. This procedure ignores
correlations between the 1999 and 2000 data and also correlations between these two sets of
data and the data taken at 130–189 GeV. This procedure was adopted because the 1999 and
2000 data are still preliminary, whereas the 130–189 GeV averages are based on published data.
Inclusion of these correlations would have only a small effect on the results.

For each subset of data the error matrix E on these measurements is constructed, such that
its element i, j is given by

Eij =
5∑

k=1

Ck
ijσ

k
i σ

k
j ,

3



where the sum extends over the five error contributions described above. σk
i represents the

uncertainty on measurement i due to error source k (1 ≤ k ≤ 5). The factor Ck
ij is equal to 1 if

error k correlates measurements i and j and equals zero if it does not. The χ2 which must be
minimised to obtain the averages is then

χ2 = (V − A)T E−1 (V − A),

where V is a vector containing the corrected input measurements, and A is a vector containing
the desired averages corresponding to each of these measurements. This χ2 has been minimised
both analytically and using a numerical minimisation program. The results are identical.

Table 2 shows the preliminary combined results for the 1999 data corresponding to the signal
definition 1 and the difference in the results if definition 2 is used. The results for the averages
of the 130–189 GeV data are identical to those given in [1]. Results for the more preliminary
data taken during 2000 are not given in numerical form but are shown in Figures 1 and 2 which
show the LEP averaged cross-sections and asymmetries (based on definition 1), respectively, as
a function of the centre-of-mass energy, together with the SM predictions.

The χ2 per degree of freedom for the average of the 1999 data is 52.5/60. The correlations
are rather small, with the largest components at any given pair of energies being between the
hadronic cross-sections. The correlations between the averaged hadronic cross-sections are given
in Table 3. The other off-diagonal terms in the correlation matrix are smaller than 10%. The
full correlation matrix is given at [3].

There is good agreement between the SM expectations and the measurements of the indi-
vidual experiments and the combined averages. The cross-sections for hadronic final states at
most of the energy points are somewhat above the SM expectations. Taking into account the
correlations between the data points and also assigning an error of ±0.5% [8] on the absolute
SM predictions, the difference of the cross-section from the SM expectations averaged over all
energies is approximately a 2.5 standard deviation excess. It is concluded that there is no sig-
nificant evidence in the results of the combinations for physics beyond the SM in the process
e+e− → f f̄ .

3 Averages for Differential Cross-sections

The LEP experiments have measured the differential cross-section, dσ
d cos θ , for the e+e− → µ+µ−

and e+e− → τ+τ− channels. This section discusses a procedure to combine these measurements
and presents preliminary results.

For several LEP energies the expected numbers of events in the backward region of cos θ,
cos θ < −0.8, is small. Statistical fluctuations can easily lead to no observed events in this
region for any single experiment. Simply averaging the results using a χ2 minimisation, or
equivalent method, taking the statistical error computed from the square root of the number
of observed events is expected to lead to a significant bias towards low cross-sections in the
averaged results. A proper statistical treatment would compute the expected numbers of events
for each experiment for an average cross-section, then use a likelihood fit to the actual number of
observed events in the different experiments. Using a Monte Carlo simulation it was found that
a χ2 fit to the measured differential cross-sections, using the expected error on the differential
cross-sections, computed from the expected cross-sections and the expected numbers of events
in each experiment, provided a very good approximation to the exact likelihood method. This
is discussed in more detail in Appendix A. The method is used to combine data from all bins
at all energies, not just those with low statistics in the most backward bins.
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Average SM√
s (GeV) Quantity value prediction ∆
192 σ(qq) [pb] 22.292±0.514 21.237 –0.098

σ(µ+µ−) [pb] 2.941±0.175 3.097 –0.127
σ(τ+τ−) [pb] 2.863±0.216 3.097 –0.047
AFB(µ+µ−) 0.540±0.052 0.566 0.019
AFB(τ+τ−) 0.610±0.071 0.566 0.019

196 σ(qq) [pb] 20.730±0.330 20.127 –0.094
σ(µ+µ−) [pb] 2.965±0.106 2.962 –0.123
σ(τ+τ−) [pb] 3.015±0.139 2.962 –0.045
AFB(µ+µ−) 0.579±0.031 0.562 0.019
AFB(τ+τ−) 0.489±0.045 0.562 0.019

200 σ(qq) [pb] 19.376±0.306 19.085 –0.090
σ(µ+µ−) [pb] 3.038±0.104 2.834 –0.118
σ(τ+τ−) [pb] 2.995±0.135 2.833 –0.044
AFB(µ+µ−) 0.518±0.031 0.558 0.019
AFB(τ+τ−) 0.546±0.043 0.558 0.019

202 σ(qq) [pb] 19.291±0.425 18.572 –0.088
σ(µ+µ−) [pb] 2.621±0.139 2.770 –0.116
σ(τ+τ−) [pb] 2.806±0.183 2.769 –0.043
AFB(µ+µ−) 0.543±0.048 0.556 0.020
AFB(τ+τ−) 0.580±0.060 0.556 0.019

Table 2: Preliminary combined LEP results for e+e− → f f̄. All the results correspond to the
signal definition 1. The Standard Model predictions are from ZFITTER [5]. The difference, ∆,
in the averages for the measurments for definition 2 relative to definition 1 are given in the final
column. The quoted uncertainties do not include the theoretical uncertainties on the corrections
discussed in the text.

Correlations√
s (GeV) 192 196 200 202
192 1.000 0.099 0.113 0.080
196 0.099 1.000 0.159 0.114
200 0.113 0.159 1.000 0.128
202 0.080 0.114 0.128 1.000

Table 3: The correlation matrix of the averaged hadronic cross-section results.
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Figure 1: Preliminary combined LEP results on the cross-sections for qq̄, µ+µ− and τ+τ− final
states, as a function of centre-of-mass energy. The values at 130–189 GeV are taken from [1].
The expectations of the SM, computed with ZFITTER [5], are shown as curves. The lower plot
shows the ratio of the data divided by the SM.
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Figure 2: Preliminary combined LEP results on the forward-backward asymmetry for µ+µ− and
τ+τ− final states as a function of centre-of-mass energy. The values at 130–189 GeV are taken
from [1]. The expectations of the SM computed with ZFITTER [5], are shown as curves. The
lower plot shows differences between the data and the SM.
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√
s(GeV) ALEPH DELPHI L3 OPAL

183 - F - F
189 P F F F
192-202 P P - P

Table 4: Differential cross-section data provided by the LEP collaborations for combination at
different centre-of-mass energies. Data indicated with F are final, published data. Data marked
with P are preliminary. Data marked with a - were not supplied for combination.

The combination included data from 183 to 202 GeV, but not all experiments provided data
at all energies. The data received are summarised in Table 4. The average is only made for
samples of events with

√
s′/s > 0.85.

Data were binned in 10 bins of cos θ. The scattering angle, θ, is the angle of the nega-
tive lepton with respect to the incoming electron direction in the lab coordinate system. The
outer acceptances of the most forward and most backward bins for which the four experiments
have presented their data are different. The acceptances of the experiments’ results for the
most extreme bins are given in Table 5. All other bins have identical acceptance in the four
experiments.

As in the averages of the cross-sections and asymmetries the inputs of the experiments
correspond to slightly different signal definitions. These are corrected to a common definition,
in which

√
s′ is taken to be the mass of the s-channel propagator, with the ff̄ signal being

defined by the cut
√

s′/s > 0.85. ISR-FSR photon interference is subtracted to render the
propagator mass unambiguous. This corresponds to definition 1 of Section 2. The corrections
applied include a correction from the different experimental acceptances in cos θ to a common
signal acceptance of | cos θ| = 1.00 for the most backward and most forward bins.

The correction is applied in the following way:

dσ
d cos θ

∣∣∣∣
Measured

common
=

dσ
d cos θ

∣∣∣∣
Measured

experiment
+
(

dσ
d cos θ

∣∣∣∣
SM

common
− dσ

d cos θ

∣∣∣∣
SM

experiment

)

The corrected data are then averaged. Systematic errors were taken into account. Uncorre-
lated systematic errors are added in quadrature to the statistical errors. In addition systematic
error arising from uncertainties on the overall normalisation were considered. These are corre-
lated between bins, and can be correlated between different energies, channels and experiments.
The same five classes of error were considered as in Section 2 for the averages of the total
cross-sections.

Two separate averages were performed one for 183 and 189 GeV data and one for 192–202
GeV data. The results of the averages are shown in Figures 3, 4 and 5. Figure 3 also shows the
inputs for the e+e− → µ+µ− channel at 189 GeV. The correlations between bins in the average
are less that 2% of the total error on the averages in each bin. Overall the agreement between
the averaged data and the predictions is good, with a χ2 of 114 for 120 degrees of freedom.
At 202 GeV the cross-section in the most backward bin, −1.00 < cos θ < 0.8, for both muon
and tau final states is above the predictions. For the muons the excess in data corresponds to
3.3 standard deviations. For the taus the excess is 2.3 standard deviations, however, for this
measurement the individual experiments are somewhat inconsistent, having a chi-squared with
respect to the average of 10.5 for 2 degrees of freedom.

The sources of systematic error considered above only affect the normalisation of the distri-
bution. There could also be errors which affect the shape of the distribution, for example an
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Experiment cos θmin cos θmax

ALEPH −0.95 0.95
DELPHI (e+e− → µ+µ−183) −0.94 0.94
DELPHI (e+e− → µ+µ−189 − 202) −0.97 0.97
DELPHI (e+e− → τ+τ−) −0.96 0.96
L3 −0.90 0.90
OPAL −1.00 1.00
Average −1.00 1.00

Table 5: The acceptances for which experimental data are presented and the acceptance for the
LEP average. For DELPHI the acceptance is shown for the different channels and for the muons
for different centre of mass energies. For all other experiments the acceptance is the same for
muon and tau-lepton channels and for all energies provided.

error arising from corrections due to the interference between initial and final state radiation.
Figure 6 shows the difference in the predicted cross-sections with and without interference. For
the 183 and 189 GeV data a second fit was performed taking 1/4 of this difference as an error
to be applied to each bin. A contribution to the off diagonal elements of the error matrix was
formed from the product of errors on each piece of data. Thus for example the contribution
to the error matrix between the first and second most backward bins for muons at 189 GeV is
positive, but the contribution to the error matrix between the most forward and most backward
bins is negative. Thus the correlation coefficients between errors which change the shape of the
distribution can be either positive or negative, those which are considered to affect the overall
normalisation are all positive. The inclusion of the additional uncertainties did not affect the
averages and did not significantly affect the final error. The absolute size of the correlations
between the averages remained below 2% of the total errors.

4 Averages for Heavy Flavour Measurements

This section presents a combination of both published [9] and preliminary [10] measurements
of the ratios∗ Rb and Rc and the forward-backward asymmetries, Ab

FB and Ac
FB, from the LEP

collaborations at centre-of-mass energies in the range of 130 to 209 GeV. Full details concerning
the combination procedure can be found in [11]. For the purpose of averaging, a common signal
definition has been defined for all the measurements, requiring:

• an effective centre-of-mass energy
√

s′ > 0.85
√

s
• the inclusion of ISR and FSR photon interference contribution and
• extrapolation to full angular acceptance.

When necessary, the measurements have been corrected to the common signal definition using
ZFITTER [12] predictions.

The averaging procedure follows the method described in [13]. In particular, the dependencies
of each of the measurements on the other parameters are explicitly accounted for. Systematic
errors are divided into 3 categories: internal errors, errors correlated between the measurements
of each experiment, and errors common to all experiments. Table 6 summarises the inputs that
have been combined, yielding the results presented in Table 7 and Figures 7 and 8. A list of
the error contributions from the combination at 189 GeV is shown in Table 8. The results are
consistent with the Standard Model predictions of ZFITTER.

∗Unlike at LEP I, Rq is defined as
σqq
σhad

.
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Figure 3: Input differential cross-sections for e+e− → µ+µ− at 189 GeV for ALEPH, DELPHI,
L3 and OPAL, and the LEP average. The SM predictions, shown as solid histograms, are
computed with ZFITTER.
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Figure 4: LEP averaged differential cross-sections for e+e− → µ+µ− at energies of 183-202
GeV. The SM predictions, shown as solid histograms, are computed with ZFITTER [5].
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12



cos e

6
in

tf

µµ 183

cos e
6

in
tf

oo 183

cos e

6
in

tf

µµ 189

cos e

6
in

tf

oo 189

-0.01

0

0.01

0.02

0.03

0.04

0.05

-1 -0.5 0 0.5 1
-0.01

0

0.01

0.02

0.03

0.04

0.05

-1 -0.5 0 0.5 1

-0.01

0

0.01

0.02

0.03

0.04

0.05

-1 -0.5 0 0.5 1
-0.01

0

0.01

0.02

0.03

0.04

0.05

-1 -0.5 0 0.5 1
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√
s (GeV) Rb Rc Ab

FB Ac
FB

A D L O A D L O A D L O A D L O
133 F F F F - - - - - F - F - F - F
167 F F F F - - - - - F - F - F - F
183 F P F F F - - - F - - F P - - F
189 P P F F P - - - P P F F - - - F
192 to 202 - P P - - - - - - P - - - - - -
206 - P - - - - - - - P - - - - - -

Table 6: Data provided by the ALEPH, DELPHI, L3, OPAL collaborations for combination at
different centre-of-mass energies. Data indicated with F are final, published data. Data marked
with P are preliminary. Data marked with a - were not supplied for combination.

√
s (GeV) Rb Rc Ab

FB Ac
FB

133 0.1809 ± 0.0133 - 0.357 ± 0.251 0.580 ± 0.314
(0.1853) - (0.487) (0.681)

167 0.1479 ± 0.0127 - 0.618 ± 0.254 0.921 ± 0.344
(0.1708) - (0.561) (0.671)

183 0.1616 ± 0.0101 0.270 ± 0.043 0.527 ± 0.155 0.662 ± 0.209
(0.1671) (0.250) (0.578) (0.656)

189 0.1559 ± 0.0066 0.241 ± 0.024 0.500 ± 0.096 0.462 ± 0.197
(0.1660) (0.252) (0.583) (0.649)

192 0.1688 ± 0.0187 - 0.371 ± 0.302 -
(0.1655) - (0.585) -

196 0.1577 ± 0.0109 - 0.721 ± 0.194 -
(0.1648) - (0.587) -

200 0.1621 ± 0.0111 - 0.741 ± 0.206 -
(0.1642) - (0.590) -

202 0.1873 ± 0.0177 - 0.591 ± 0.284 -
(0.1638) - (0.591) -

206 0.1696 ± 0.0182 - 0.881 ± 0.221 -
(0.1633) - (0.593) -

Table 7: Results of the global fit, compared to the Standard Model predictions, computed with
ZFITTER [12], for the signal definition in parentheses. Quoted errors represent the statistical
and systematic errors added in quadrature. Because of the large correlation with Rc at 183 GeV
and 189 GeV, the errors on the corresponding measurements of Rb receive an additional contri-
bution which is absent at the other energy points.

Error list Rb (189 GeV) Rc (189 GeV) Ab
FB (189 GeV) Ac

FB (189 GeV)
statistics 0.00606 0.0179 0.0893 0.1771
internal syst 0.00241 0.0128 0.0326 0.0692
common syst 0.00089 0.0092 0.0094 0.0521
total syst 0.00257 0.0158 0.0339 0.0866
total error 0.00659 0.0239 0.0955 0.1971

Table 8: Error breakdown at 189 GeV
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Figure 7: Preliminary combined LEP measurements of Rb and Rc. Solid lines represent the
Standard Model prediction for the signal definition and dotted lines the inclusive prediction.
Both are computed with ZFITTER[12]. The LEP I measurements have been taken from [14].
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Model χ ψ η L-R SSM

Mlimit
Z′ (GeV/c2) 630 510 400 950 2260

Table 9: 95% confidence level lower limits on the Z′ mass and χ, ψ, η, L-R and SSM models.

5 Interpretation

The combined cross-sections and asymmetries and results on heavy flavour production have been
interpreted in a variety of models. The cross-section and asymmetry results have been used to
place limits on the mass of a possible additional heavy neutral boson, Z′, in several models.
Limits on contact interactions between leptons and on contact interaction between electrons
and b and c quarks have been obtained. Heavy flavour results are also used within the S-Matrix
formalism to give information on the γ − Z interference for heavy quarks.

5.1 Models with Z′ Bosons

The combined hadronic and leptonic cross-sections and the leptonic forward-backward asymme-
tries were used to fit the data to models including an additional, heavy, neutral boson, Z′ within
a variety of models [15].

Fits were made to the mass of a Z′, MZ′ , for 4 different models referred to as χ, ψ, η and L-R
and for the Sequential Standard Model [16], which proposes the existence of a Z′ with exactly
the same coupling to fermions as the standard Z. LEP II data alone does not significantly
constrain the the mixing angle between the Z and Z′ fields, ΘZZ′ . However results from a single
experiment where LEP I data is used in the fit show that the mixing is consistent with zero, see
for example [17]. So for these fits ΘZZ′ was fixed to zero.

No evidence was found for the existence of a Z′ boson in any of the models.

95% confidence level lower limits on MZ′ were obtained, by integrating the likelihood func-
tion†. The lower limits on the Z′ mass are shown in Table 9.

5.2 Contact Interactions between Leptons

Following reference [18], contact interactions are parameterised by an effective Lagrangian, Leff ,
which is added to the Standard Model Lagrangian and has the form:

Leff =
g2

(1 + δ)Λ2

∑

i,j=L,R

ηijeiγµeif jγ
µfj,

where g2/4π is taken to be 1 by convention, δ = 1(0) for f = e(f &= e), ηij = ±1 or 0, Λ is
the scale of the contact interactions, ei and fj are left or right-handed spinors. By assuming
different helicity coupling between the initial state and final state currents a set of different
models can be defined from this Lagrangian [19], with either constructive (+) or destructive (−)
interference between the Standard Model process and the contact interactions. The models and
corresponding choices of ηij are given in Table 10. The models LL, RR, VV, AA, LR, RL, V0,
A0 are considered here since these models lead to large deviations in the e+e− → µ+µ− and

†To be able to obtain confidence limits from the likelihood function it is necessary to convert the likelihood to
a probability density function; this is done by multiplying by a prior probability function. Simply integrating the
likelihood is equivalent to multiplying by a uniform prior probability function.
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e+e− → τ+τ− channels. The total hadronic cross-section on its own is not particularly sensitive
to contact interactions involving quarks. For the purpose of fitting contact interaction models
to the data, a new parameter ε = 1/Λ2 is defined; ε = 0 in the limit that there are no contact
interactions. This parameter is allowed to take both positive and negative values in the fits.

The averaged measurements of the cross-sections and forward-backward asymmetries for
e+e− → µ+µ− and e+e− → τ+τ− from all energies from 130 to 207 GeV have been used.
Theoretical uncertainties on the SM predictions of ±0.5% [8] on the cross-sections and ±0.005
on the forward-backward asymmetries, fully correlated between all energies, have been assumed.

The values of ε extracted for each model were all compatible with the Standard Model
expectation ε = 0, at the two standard deviation level. These errors on ε are typically a factor
of two smaller than those obtained from a single LEP experiment with the same data set. The
fitted values of ε were converted into 95% confidence level lower limits on Λ. The limits are
obtained by integrating the likelihood function over the physically allowed values, ε ≥ 0 for each
Λ+ limit and ε ≤ 0 for Λ− limits. The fitted values of ε and the extracted limits are shown in
Table 11. Figure 9 shows the limits obtained on the scale Λ for the different models assuming
universality between contact interactions for e+e− → µ+µ− and e+e− → τ+τ−.

5.3 Contact Interactions from Heavy Flavour Averages

Limits on contact interactions between electrons and b and c quarks have been obtained. These
results are of particular interest since they are inaccessible to pp̄ or ep colliders. The formalism
for describing contact interactions including heavy flavours is identical to that described above
for leptons.

All heavy flavour LEP II combined results from 133 to 205 GeV listed in Table 7 are used as
inputs. For the purpose of fitting contact interaction models to the data, Rb and Rc are converted
to cross-sections σbb and σcc using the averaged qq cross-section of section 2 corresponding to
signal definition 2. In the calculation of errors, the correlations between Rb, Rc and σqq are
assumed to be negligible.

The fitted values of ε = 1
Λ2 and their 68% confidence level uncertainties together with the

95% confidence level lower limit on Λ are shown in Table 12. Figure 10 shows the limits obtained
on the scale, Λ, of models with different helicity combinations involved in the interactions.

5.4 S-Matrix Parameters for Heavy Flavour Production

The S-Matrix formalism [20] parameterises the cross-sections and forward-backward asymmetries
for two-fermion production in terms of the exchange of a massless (γ) and a massive vector boson
(Z):

σ0,f
tot (s) =

4
3
πα2 +

[
gtot
f

s
+

jtot
f (s − m2

Z) + rtot
f s

(s − m2
Z)2 + m2

ZΓ2
Z

]

σ0,f
fb (s) =

4
3
πα2 +



gfb
f

s
+

jfb
f (s − m2

Z) + rfb
f s

(s − m2
Z)2 + m2

ZΓ2
Z





A0,f
fb (s) =

3
4
σ0,f

fb (s)

σ0,f
tot (s)
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Model ηLL ηRR ηLR ηRL

LL± ±1 0 0 0
RR± 0 ±1 0 0
VV± ±1 ±1 ±1 ±1
AA± ±1 ±1 ∓1 ∓1
LR± 0 0 ±1 0
RL± 0 0 0 ±1
V0± ±1 ±1 0 0
A0± 0 0 ±1 ±1

Table 10: Choices of ηij for different contact interaction models
.

LEP Combined Preliminary

R- (TeV) R+ (TeV)

LL 10.0 15.2
RR  9.1 15.6
VV 15.3 23.9
AA 15.6 18.8
RL  8.0 11.6
LR  8.0 11.6
V0 13.8 22.7
A0 11.0 16.2

R- R+

ll  20. 0 20.

Figure 9: The limits on Λ for e+e− → ,+,− assuming universality in the contact interactions
between e+e− → µ+µ− and e+e− → τ+τ−.
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e+e− → µ+µ−

Model ε (TeV−2) Λ−(TeV) Λ+(TeV)
LL −0.0066+0.0039

−0.0042 8.2 14.3
RR −0.0069+0.0045

−0.0054 8.0 13.4
VV −0.0023+0.0017

−0.0018 13.7 21.6
AA −0.0033+0.0032

−0.0012 13.1 19.2
RL −0.0052+0.0067

−0.0074 7.2 10.1
LR −0.0052+0.0067

−0.0074 7.2 10.1
V0 −0.0036+0.0024

−0.0022 11.9 20.6
A0 −0.0027+0.0035

−0.0033 10.8 14.4

e+e− → τ+τ−

Model ε (TeV−2) Λ−(TeV) Λ+(TeV)
LL −0.0005+0.0057

−0.0055 9.5 9.8
RR −0.0005+0.0060

−0.0063 8.7 9.5
VV −0.0008+0.0023

−0.0036 14.4 16.1
AA −0.0008+0.0033

−0.0016 13.4 12.2
RL −0.0052+0.0093

−0.0102 6.5 8.8
LR −0.0052+0.0093

−0.0102 6.5 8.8
V0 −0.0003+0.0029

−0.0029 12.9 13.7
A0 −0.0026+0.0049

−0.0050 9.5 12.4

e+e− → l+l−

Model ε (TeV−2) Λ−(TeV) Λ+(TeV)
LL −0.0046+0.0038

−0.0036 10.0 15.2
RR −0.0046+0.0038

−0.0044 9.1 15.6
VV −0.0019+0.0024

−0.0012 15.3 23.9
AA −0.0013+0.0018

−0.0015 15.6 18.8
RL −0.0052+0.0054

−0.0060 8.0 11.6
LR −0.0052+0.0054

−0.0060 8.0 11.6
V0 −0.0023+0.0018

−0.0020 13.8 22.7
A0 −0.0027+0.0028

−0.0028 11.0 16.2

Table 11: Fitted values of ε and 95% confidence limits on the scale, Λ, for constructive (+)
and destructive interference (−) with the Standard Model, for the contact interaction models
discussed in the text. Results are given for e+e− → µ+µ−, e+e− → τ+τ− and e+e− → ,+,−,
assuming universality in the contact interactions between e+e− → µ+µ− and e+e− → τ+τ−.
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e+e− → bb
Model ε (TeV−2) Λ− (TeV) Λ+ (TeV)

LL −0.0025+0.0049
−0.0052 9.1 11.1

RR −0.1890+0.1290
−0.0151 2.2 7.2

VV −0.0020+0.0041
−0.0043 10.0 12.4

AA −0.0018+0.0032
−0.0034 11.2 14.0

RL 0.0190+0.1299
−0.0201 7.3 2.4

LR −0.0428+0.0408
−0.0367 3.2 5.7

V0 −0.0018+0.0035
−0.0037 10.8 12.9

A0 0.0266+0.0234
−0.0255 6.4 4.1

e+e− → cc
Model ε (TeV−2) Λ− (TeV) Λ+ (TeV)

LL 0.0127+0.5957
−0.0264 5.2 1.6

RR 0.0466+0.3781
−0.0576 4.5 1.5

VV −0.0008+0.0109
−0.0103 7.3 6.6

AA 0.0046+0.0168
−0.0151 6.4 5.1

RL 0.0127+0.0845
−0.0845 2.8 2.6

LR 0.0874+0.1049
−0.1127 3.5 2.1

V0 0.0036+0.0181
−0.0135 6.7 1.4

A0 0.0499+0.0691
−0.0691 3.9 2.6

Table 12: Fitted values of ε and 95% confidence limits on the scale, Λ, for constructive (+)
and destructive interference (−) with the Standard Model, for the contact interaction models
discussed in the text. From combined bb̄ and cc̄ results with centre of mass energies from 133 to
205 GeV.
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LEP Combined Preliminary

R- (TeV) R+ (TeV)

LL  9.1 11.1
RR  2.2  7.2
VV 10.0 12.4
AA 11.2 14.0
RL  7.3  2.4
LR  3.2  5.7
V0 10.8 12.9
A0  6.4  4.1

R- R+

bb  20. 0 20.

LEP Combined Preliminary

R- (TeV) R+ (TeV)

LL  5.2  1.3
RR  4.5  1.5
VV  7.3  6.6
AA  6.4  5.1
RL  2.9  2.6
LR  3.5  2.1
V0  6.7  1.4
A0  3.9  2.6

R- R+

cc  20. 0 20.

Figure 10: 95% CL limits on the scale of Contact Interactions in e+e− → bb and e+e− → cc
using Heavy Flavour LEP combined results from 133 to 205 GeV.
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The mass, mz, and width, ΓZ , used in the S-Matrix fits are slightly different from the usual mass
MZ, and width ΓZ which are defined using and s-dependent width term in the Breit-Wigner
resonance of the Z:

mz ∼ MZ − 34.1Mev
Γz ∼ ΓZ − 0.9Mev

The parameters g, r and j parameterise the cross-sections and forward-backward asymmetries
arising from the exchange of the γ (g) and the Z (r) and the interference of the two (j). Values
for these parameters can be obtained for each fermion species and also for a combination of all
qq final states, f = had. Values of the g, r and j parameters and γz can be computed in the
Standard Model for comparison with the results of the fits.

S-Matrix fits have already been performed using the hadronic and leptonic cross-section
and leptonic forward-backward asymmetry data from LEP I and LEP II for energies up to
172 GeV [21], providing constraints on rtot

had and jtot
had, the parameters describing charged lepton

production and mz and ΓZ . The results of these existing fits and the full error matrix are used
to constrain these parameters in the fit performed here.

LEP I heavy flavour averages [22], Rb, Rc, Ab
FB and Ac

FB are used to constrain the S-Matrix
parameters rtot

b,c and rfb
b,c that describe the heavy quark couplings to the Z. By including the

combined LEP II heavy flavour measurements from 133 to 205 GeV listed in Table 7 values
of the parameters jtot

b,c and jfb
b,c that describe γ − Z interference in heavy quark production are

obtained. Contours for these parameters are given at the end of this section.

The LEP II average values of Rb and Rc from Section 4 for centre-of-mass energies from 130
up to 166 GeV are used directly in the fit. These are largely uncorrelated with the measured
total cross-sections, therefore, the correlations between the existing S-Matrix fits parameters
and these measurements have been neglected. The measurements are fitted using the ratio of
the predicted b and c cross-sections and the total hadronic cross-section.

For energies of 183 GeV and above, the the flavour tagged measurements are more precise
than those from 133–166 GeV. The uncertainties on jtot

had from the existing fits introduces a
sizeable uncertainty of the prediction of Rb and Rc. For these energies the measurements of Rb

and Rc are first converted into cross-sections for bb and cc production by multiplying by the
the total hadronic cross-sections from section 2. The full error matrix of the quantities and the
correlations with the lower energy Rb and Rc values are computed. Correlations between the
existing S-Matrix fit results and the total hadronic cross-sections from 183 GeV and above are
neglected. For this reason the highest energy hadronic cross-sections were not used to improve
the fits to the inclusive hadronic S-Matrix parameters.

The forward-backward asymmetries for b and c quark production are fitted directly to pre-
dictions of the asymmetries at all energies.

Predictions of the S-Matrix formalism are made using the SMATASY [23] program. The
couplings to the photon are fixed to the expectation from the Standard Model.

In summary, the following parameters are obtained from the fit:

• The mass and total width of the Z boson, the S-Matrix parameters rtot
had and jtot

had for the
total hadronic cross-section, and the parameters rtot

l , jtot
l , rfb

l , and jfb
l for leptons‡.

• The S-Matrix parameters rtot
b,c and rfb

b,c that describe the total bb and cc cross-sections and
asymmetries due to Z boson exchange.

• The four parameters jtot
b,c and jfb

b,c that describe the the effect of γ − Z interference on the
energy dependence of the bottom and charm cross-sections and asymmetries.

‡Lepton universality is assumed.
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The following data are used:

• The results of the existing S-Matrix fits [21], derived from LEP I data and including total
hadronic cross-sections up to 172 GeV.

• LEP I heavy flavour averages [22].
• LEP II heavy flavour averages Rb and Rc for energies up to and including 172 GeV from

Table 7.
• Values of the flavour tagged b and c cross-sections σb and σc derived from measurements

of Rb and Rc and the total hadronic cross-section for energies of 183 GeV and above, from
section 2 and Table 7.

• LEP II heavy flavour averages Ab
FB and Ac

FB for all LEP II energies from Table 7.

The results for the S-Matrix parameters jtot
b,c and jfb

b,c are shown in Figure 11 for both bottom
and charm quark production. Good agreement is observed with the Standard Model predic-
tion [23] for γ − Z interference in heavy quark production.

6 Summary

A preliminary combination of the LEP II e+e− → f f̄ cross-sections (for hadron, muon and
tau final states) and forward-backward asymmetries (for muon and tau final states) from LEP
running at energies from 130 to 207 GeV has been made. The results from the four LEP
experiments are in good agreement with each other. The results for energies between 192 and
202 GeV are given in Table 2, results for 130–189 GeV are available in [1]. The averages for all
energies are shown graphically in Figures 1 and 2. Overall the data agree with the Standard
Model predictions of ZFITTER, although the combined hadronic cross-sections are on average
2.5 standard deviations above the predictions.

For the first time differential cross-sections, dσ
d cos θ , for e+e− → µ+µ− and e+e− → τ+τ−

were combined. Results are shown in Figures 4 and 5.

An average of results on heavy flavour production at LEP II has also been made for mea-
surements of Rb, Rc, Ab

FB and Ac
FB, using results from LEP centre-of-mass energies from 130 to

209 GeV. Results are given in Table 7 and shown graphically in Figures 7 and 8. The results
are in good agreement with the predictions of the SM. Further details are given in [11].

The averaged cross-section and forward-backward asymmetry results together with the com-
bined results on heavy flavour production were interpreted in a variety of models. The LEP
II averaged cross-sections were used to obtain lower limits on the mass of a possible Z′ boson
in different models. Limits range from 400 to 2260 GeV depending on the model. Limits on
the scale of contact interactions between leptons and also between electrons and bb and cc final
states have been determined. A full set of limits are given in Tables 11 and 12. The heavy
flavour results were used to derive values of the S-Matrix parameters jtot

b,c and jfb
b,c that describe

γ − Z interference, results are given in Figure 11.
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interference in bb and cc production. The expectations of the SM are also shown.
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A Averaging Differential Cross-sections

To investigate the performance of three different methods to average the LEP differential cross–
section results an ensemble of 10,000 LEP runs at 183 and 189 GeV was simulated. For each
simulated LEP run:

• The expected number of events for 4 experiments for muons and taus in the most backward
bin was computed from:

Nsignal = Lε dσ
d cos θ

∣∣∣∣
SM

∆ cos θ (1)

Npredicted = Nsignal + Nbackground (2)

where dσ
d cos θ

∣∣∣
SM

is the SM differential cross-section for the experimental signal definition,
∆ cos θ is the width of the bin, for the experiment, ε is the experiments efficiency for signal
events and L is the integrated luminosity.

• For each experiment a random number of observed events was generated according to a
Poisson distribution with the mean given by Npredicted.

• From the number of observed events the following were computed:

– the measured differential cross-sections
– the measured errors - using the square root of the observed events

• From the predicted number of signal and background events the expected error on the
differential cross-section for each experiment was computed from:

∆ =
dσ

d cos θ

∣∣∣∣
SM

√
Npredicted/N2

signal

• Three averages of the differential cross-section were calculated by performing three fits

– Likelihood fit to observed numbers of events using Poisson probabilities from the
expected number of events calculated using equation 2 and nsignal computed from
equation 1 with dσ

d cos θ

∣∣∣
SM

replaced with the average differential cross–section

– χ2 fit to measured dσ
d cos θ using expected error

– χ2 fit to measured dσ
d cos θ using measured error

DELPHI and OPAL provided ε and L and Nbkg, the DELPHI numbers were also used for
ALEPH and the OPAL numbers were also used for L3. The Standard Model cross-sections
corresponding to the experimental selections were provided by each of the four experiments.

As in the final fits, the averaged cross-sections correspond to a standard signal definition.
For the likelihood fits the average cross-sections were corrected to the experimental definitions
before making predictions for the number of expected events. For the χ2 fits the measured
cross-sections were corrected back to the common signal definition.

Pull distributions were determined for each of the fits over the ensemble of runs using:

Pull =

(
dσ

d cos θ

∣∣∣
fit

− dσ
d cos θ

∣∣∣
SM

)

∆fit
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Figure 12: Pull distributions for each fit and the correlations between the results of each fit for
muon final states at 183 GeV.
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Figure 13: Pull distributions for each fit and the correlations between the results of each fit for
tau lepton final states at 183 GeV.
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where ∆fit is the error on dσ
d cos θ

∣∣∣
fit

for a given fit

Figures 12 and 13 show the pull distributions for each fit and the correlations between the
results of each fit. The pull distributions for the χ2 fit using measured errors show a bias
towards low values of the average differential cross–section, with a negative mean. The χ2 fits
using expected errors have well behaved pull distributions, with a mean close to zero and an
rms of approximately one. There is a strong correlation between the results of the χ2 fit using
expected errors and the likelihood fit with Poisson probabilities of the number of observed events
given the numbers expected, whereas the χ2 fit using measured errors tend to give lower results
than the likelihood fit.

From these studies it was concluded that an average computed from a χ2 fit to the differential
cross-section in a given bin using the expected error on the differential cross-section was a good
approximation to a likelihood fit with Poisson probabilities of the number of observed events
given the numbers expected. The χ2 fit also has an advantage: it is simple to include uncorrelated
systematic errors and systematic errors correlated between measurements into the averaging.
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